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Statistical studies of Conductance Fluctuations in Quantum Dots
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A mathematical formulation of the mesoscopic fluctuations of the conductance in almost closed
quantum dots (weak dot-leads coupling) is discussed by RMT (Ranom Matrix Theory) as a statistical
tool. A quantum dot (artificial atom) is a sub-micron-scale conducting device containing up to
several thousand electrons. Transport of electron through a quantum dot at low temperatures is
a quantum-coherent process. Conductance fluctuations of an arbitrary shape dot, with or without
disorder, in presence,/ absence of electron-electron interactions have been studied analytically. These
fluctuations can be expressed in terms of the eigenfunctions of the Hamiltonian of the dots expressed
in the basis of the connecting leads. The distribution of the eigenfunctions is obtained by using
multiparametric Gaussian random matrix ensemble with independent matrix elements to model the
non-interacting cases and the correlated Gaussian ensembles for the interacting cases.

PACS numbers:
I. INTRODUCTION

Recent developments of nanoscience makes possible to
fabricate nearly isolated islands of two-dimensional elec-
tron gas on the surface of high-mobility semiconductor
heterostructures!®!'.  These small conducting devices
known as quantum dots can contain several thousand
electrons confined to a region with linear size varying
from a few nanometer to micrometer (length scale of de-
Broglie wavelength). The dot easily connects to elec-
trodes and is expected to have an irregular shape due
to fluctuations in the electrostatic confinement potential.
The energy levels are quantized due to three dimensional
spatial confinement of electron in quantum dots.

A typical quantum dot is a mesoscopic system (van
Kampen (1981)'), which is intermediate between a mi-
croscopic system (e.g. mnuclei, atoms) and macroscopic
bulk matter*. In a mesoscopic system, the electron’s
phase coherence length L, is larger than or compara-
ble to the system’s size L, where phase coherence length
is the distance the electron travels without loosing its
phase coherence (due to scattering etc.). The length Ly
increases rapidly with decreasing temperature, for L = 1
um (open system), becomes mesoscopic for temperatures
below 100 mK. In the mesoscopic regime, the description
of transport in terms of local conductivity breaks down
and the whole sample behave almost as a single coher-
ent entity. This coherence has a strong influence on the
physical properties of the sample.

Quantum coherence, in a mesoscopic sample, leads to
the interference of waves describing an electron propa-
gating along different paths between the incoming and
outgoing leads. Interference effects lead to sample to
sample, reproducible fluctuation of the physical prop-
erties. For example, the conductance in a metallic
mesoscopic conductor shows fluctuation of the order of
e?/h, independent of the size of the average conduc-
tance; this phenomenon is known as universal conduc-
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tance fluctuations!®17. Interference effects can also be

observed in various physical properties of a given sample
e.g. conductance by changing phase-sensitive parameter
(e.g Fermi momentum or the external magnetic field) in
the system. Another important signature of quantum co-
herence is the weak localization effect. This, originating
in the constructive interference of the forward and time-
reversed paths of the electron, affects the average trans-
port behavior of the sample if the time-reversal symmetry
is preserved. For example, the average quantum conduc-
tance is smaller in the absence of a magnetic field than in
its presence. The weak localization effect requires Ly>1
and occurs in macroscopic conductors (L > Lg).

In a mesoscopic structure, the basic scales related to
the physical properties are based on the nature of the
electron dynamics, diffusive or ballistic. The relevant
length scales in the disordered systems are the mean free
path [, Fermi wavelength Ar and the localization length
¢ (the length over which the electron’s wave function is
localized). For example, the sample with | < L corre-
sponds to the diffusive regime, and the cases with A\p < [
or ¢ > [ correspond to the metallic regime etc. The im-
portant energy scales are the Fermi energy Fr, the mean
level spacing A and the Thouless energy E. = h/7p; here
7p is the characteristic time scale for the electron to dif-
fuse across the length L of a disordered sample.

A disordered, impurity-rich quantum dot due to its
diffusive regime has been an original focus of meso-
scopic physics. However quantum dots are not only
miniature structures whose transport properties have
been measured. Similar experiments have been per-
formed recently on smaller structures such as very clean
metallic nanoparticles®” Cgy molecules deposited on gold
substrate® and carbon nanotubes?!®. Some of the phe-
nomena have been seen in these systems are similar to
those observed in quantum dots, this suggest that quan-
tum dots are generic systems for exploring the physics of
small, coherent quantum structures.
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II. TYPES OF QUANTUM DOTS

Quantum dots are man-made structures to be governed
by the laws of quantum mechanics. The dots are made
by forming a two-dimensional electron gas in the inter-
face region of a semiconductor heterostructure and ap-
plying an electrostatic potential to metal gates to fur-
ther confine the electrons to a small region in the inter-
face plane. Since the electronic motion is restricted in
all three dimensions, a quantum dot is referred to as a
zero-dimensional system. The transport properties® of
a quantum dot can be measured by coupling it to leads
and passing current through the dot. The advantage of
these artificial systems is that their transport properties
are measured with the strength of the dot-lead couplings,
number of electrons in the dot, the dot’s size and shape all
under experimental control. Based on transport proper-
ties, the quantum dots can basically be divided into three
main types.

(i) Ballistic dot: Transport in a ballistic quantum dot
is dominated by electronic scattering, not from impuri-
ties, but from the structure’s boundaries. The multi-
ple scattering from the irregular shape boundaries, be-
fore electron escapes through the dots, leads to a mostly
chaotic electrons dynamics. However the fluctuations of
the gate-voltage may change the confinement shape to
a non-chaotic type. The nature of the underlying clas-
sical dynamics manifests itself in the quantum behavior,
through localization or spreading of the wave-packets and
the degree of randomization of the relevant operators.
This requires Tescape >Tes Tescape 15 the mean escape time
of the electron into the leads. These dots are the main
focus of most experimental research on quantum dots.
(ii) Open dot: In an open dot the coupling between a
quantum dot and its leads is strong and the movement
of electrons across the dot-lead junction is classically al-
lowed. In open dots with many open channels the average
conductance is large and electron-electron interaction is
neglected for statistical fluctuations studies. Although
electron-electron inelastic scattering reduces the coher-
ence time of the electrons at finite temperature but the
excitations around the Fermi energy can safely be as-
sumed to be noninteracting quasiparticles (Y. Alhassid,
2000). The properties of these dots can therefore be stud-
ied within Fermi liquid models.

(iii) Closed dot: In a closed dot the point contacts of
the dot-lead junctions are pinched off, effective barriers
are formed and the transport occurs only by quantum
tunneling. As a consequence, the electron-electron in-
teractions significantly influence the physical properties.
For example, the electron in the incoming lead is repulsed
by the electron already present in dot which in turn af-
fects the conductance. This also results in quantization
of the charge on the dot. The dots low-lying energy level
are discrete with widths smaller than their spacings; due
to this discreteness of the excitation spectra, the closed
dots are also called artificial atoms!3:14.

According to geometry, there are two types of quan-

tum dots:

(i) Lateral dot: Here current flows within the plane
of the dot to which the electrons are confined. Many of
the lateral dots with N > 50 electrons have no particular
symmetry. Scattering of an electron from the irregular
boundaries of such dots shows the single-particle dynam-
ics that are mostly chaotic.

(ii) Vertical dot: In this dot, current flows perpendicu-
lar to the plane of the dot to which the electrons are con-
fined. Vertical dots are suitable for spectroscopic studies
of a dot with few electrons (N < 20). Such dots can be
prepared in regular shapes, such as disk, where the con-
fining potential is harmonic and the single-particle levels
are arranged in shells. This shell structure is observed
by measuring the Coulomb-blockade peaks as a function
of the number of electrons in the dot!8.

Quantum dots can be fabricated by molecular-beam epi-
taxy in which a layer of AlGaAs is grown on the top of a
layer of GaAs. FIG. 1 illustrate the quantum dot device
fabrication. FIG. 1(a) (a quantum dot used by Fock et al.
1996) indicate that the electrons are trapped vertically
in the interface of a GaAs/AlGaAs heterostructure and
form a two dimensional electron gas (darker area). Their
lateral confinement to the dot region is achieved by ap-
plying a negative voltage to the top metal gate (lighter
shade), depleting the electrons underneath. The metal
gates are created by electron-beam lithography process
at the top of the structure. The dot is coupled to the
bulk two dimensional electron-gas regions by two indi-
vidually adjustable point contacts (source and drain). A
voltage Viq is applied between the source and drain drives
a current I through the device. The linear conductance
can then be defined by G = é The shape and the size
of the dot can be controlled by voltages V;; and Vo ap-
plied to shape distorting gates. FIG. 1(b) shows the mi-
crograph of another dot by Oosterkamp et al. 1997. The
darker area indicates the dot region (center) and the two
large two-dimensional electron-gas areas on the left and
the right (source and drain regions). The lighter shade
represents the metal gates. The dot’s size is controlled
by the middle pair of gates, and its tunnel barriers can be
varied by the pairs of gates on the left and on the right.
Different interesting physical situations can be observed
by controlling the dot’s shape, dot’s area and dot-lead
couplings. The confined electrons are typically 50-100
nm below the surface. To observe the charge quantiza-
tion in the dot, two conditions must be satisfied; firstly,
the barriers must be large enough so that the transmis-
sion is small, this gives the condition G<e?/h. It means
that the dot is almost isolated. Secondly, the temper-
ature must be low enough so that the effects of charge
quantization are not washed out. Here KT<e?/C is al-
ways satisfied at low temperature.
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FIG. 1: Quantum dots: (a) A scanning electron micrograph
of the dot (on the right, top view representation and on the
left, a schematic drawing of the device). (b) A micrograph of
another dot.

III. COULOMB-BLOCKADE PHENOMENA

The tunneling® of an electron into the dot is blocked by
the classical coulomb repulsion of the electrons already in
the dot, so the conductance is small. This phenomenon,
known as coulomb-blockade, occurs when an island of
electrons is weakly coupled to two leads via tunnel junc-
tions. When the coupling is weak, the conductance drops
below e2/h and the charge on the island becomes quan-
tized. In coulomb-blockade region, the tunneling occurs
through a single resonance in the dot. By changing the
gate voltage V;, coulomb repulsion can be compensated.
With an appropriate value of V,, the charge on the dot
will fluctuate between N and N + 1 electrons which
leads to the maximum conductance. This phenomenon is
known as resonance. The conductance then shows a se-
ries of sharp peaks as a function of the gate voltage. The
period of these oscillations corresponds to the addition of
a single electron to the island. This phenomenon, known
as coulomb-blockade oscillation, was first observed in the
metallic grains'®, where KT<A<e?/C . FIG. 2(a) is
a schematic view of an coulomb-blockade quantum dot
that is weakly coupled to left and right leads. This point
contacts create a tunnel barrier between the dot and the
leads. FIG. 2(b) indicate the side view of quantum dot,
when the Fermi energy of the electron and the source
and drain reservoirs matches the unoccupied level in the
dot, the electron can tunnel across the barrier into the
dot. A current will flow in response to a small source-
drain voltage V4. The potential in the dot is controlled
by gate voltage V, which can be varied to observe the
coulomb-blockade oscillations in the conductance.

Coulomb-blockade is a central phenomenon in closed
quantum dots with large tunnel barriers. It is usually a
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FIG. 2: Single-electron resonant tunneling through a quan-
tum dot: (a) An isolated quantum dot with left and right
leads. (b) Conductance by resonant tunneling.

classical phenomenon, observed at temperatures that are
small compared with the charging energy. The discrete-
ness of the dot’s levels becomes important in the quantum
coulomb-blockade regime when the temperature drops
below mean level spacing A. The experimental analy-
sis of these levels can be carried out by measuring con-
ductance versus gate voltage (which varies the electron
density and hence the fermi energy).

The coulomb interaction plays an important role in
almost closed dots and can lead to an appreciable re-
construction of electronic states and to a strong sup-
pression of the tunneling. However, for a large system,
the coulomb interaction is reduced primarily due to the
charging effect and can be incorporated in theory as
a background potential?®?4. In this regime, statistical
properties of the conductance are mainly determined by
nature of the dynamics (chaotic or near-integrable) of
non-interacting electrons in a dot. The first work con-
cerning the statistical properties of the conductance of
dots has been done by Jalabert??, who studied the con-
ductance fluctuations caused by a single level tunneling
in the situation when the external contacts are symmet-
ric. They considered quantum billiard with chaotic dy-
namics of electrons, assumed that in this case fluctua-
tions of level width are described by the Porter-Thomas
Distribution®® and checked the validity of the approach
by numerical simulation. The Porter-Thomas Distribu-
tion of level widths leads to the conductance fluctuations
independent of the dot’s geometry, although they do de-
pend on the properties of the leads (such as the number
of modes and the average transparency in each mode).

The rms fluctuations of the conductance in a meso-
scopic conductor are of the order of €2 /h, independent of
the size of the average conductance. This phenomenon
known as universal conductance fluctuations!'6:17.
The link between universal conductance fluctuations in
disordered systems and RMT (Random Matrix Theory)
was first described by Altshuler and Shklovskii?® and
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by Imry?!. Thouless had pointed out that there is a
close connection between the conductance and spectral
properties??, the conductance expresses the sensitivity of
the energy levels to a change in the boundary conditions.
This relation was used by Altshuler and Shklovskii (1986)
to argue that RMT spectral correlations are at the origin
of the universal conductance fluctuations.

IV. RESONANCE TUNNELING

Quantum tunneling is a microscopic phenomenon
where a particle can penetrate and in most cases pass
through a potential barrier. The quantum dot is weakly
coupled to source and drain leads and a gate voltage Vj,
can control its electrostatic potential. The total classical
electrostatic energy of a coulomb island with N electrons
is

UN) = —QVew +Q%/2C
= —NeViy + N%e? /20 (1)

where V., is the potential difference between the elec-
tron gas and the reservior (due to gate voltage) and C
is the total capacitance between the island and its sur-
roundings. The number of electrons in the dot for a
given Vi, is determined by minimizing U(N). We de-
fine Qert = CVegr. When Qepr = Ne, the minimum
is obtained for the state with charge @ = Ne and the
energy of the state with @ = (N = 1)e is higher by
e?/2C which results the tunneling density of states has
a gap of E. = €2/C around the fermi energy, blocking
the flow of electrons into the island. FIG. 3(a, ¢) repre-
sents the above situation. When the gate voltage tuned
to a value eaV, = Ne?/C [FIG. 3(a)], there is a charg-
ing energy gap in the single-particle spectrum on both
sides of the fermi energy, blocking the tunneling of elec-
trons into the dot. But when the gate voltage changes
to eaV, = (N + 1/2)e?/C [FIG. 3(b)], it compensates
for the coulomb repulsion, and the charging energy for
adding an electron to the dot vanishes. When the fermi
energy in the leads matches the first unoccupied single-
particle state in the dot, resonant tunneling of an electron
into the dot occurs. FIG. 3(c) and FIG. 3(d) show the
total electrostatic energy U(N) of the dot vs the number
of electrons: (c) for eaV, = Ne?/C, the energy of the dot
is minimum for N electrons in the dot, leading to charge
quantization, (d) for eaV, = (N + 1/2)e?/C, the ener-
gies of a dot with NV and N + 1 electrons are equal and
the dot’s charge can fluctuate between Ne and (N + 1)e.
This is known as degeneracy.

The tunneling spectroscopy of quantum dots is done by
measuring conductance versus gate voltage (which varies
the electron density and hence the fermi energy Er). In
the weak-coupling limit, a typical resonance width in the
dot is much smaller than the average spacing A between
resonances. In this limit, only the resonance Ej that is
closest to the scattering energy E contributes to the scat-
tering matrix, thus leading to its Breit-Wigner resonance
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FIG. 3: Coulomb Blockade and Resonant Tunneling.

formulation®. The latter along with Landauer’s formula
for the conductance then gives the zero-temperature con-
ductance in the tunneling regime (removing spin degen-
eracy),

S v

CE) = h (E— Ep)? + (Tx/2)?

(2)

where FZ(T) = ch(r) I'.; is the width of the level Ej
to decay into left (right) lead. The finite temperatures
conductance can be obtained from Eq.(2) by convoluting
it with the derivative f’ = g—é of the Fermi-Dirac dis-
tribution. In low temperature regime I' < T <A, f
is almost unchanged over the resonance width I'. G can
then be approximated as

1
e

G(Ep,T) ~ GPoK
(B, T) k' cosh?

with Er as the fermi energy in the leads and

2 T 2 Ty

e
Gpeak* 5 = =
Ik S A

kT R IKT (4)

The Eq.(4) describes a conductance peak of width ~ KT,
centered at Er = Ej and with a peak-height ampli-
tude of GY**. Here TL(r) = 3, |'yi§;)|2 with ’yig) as
the partial width amplitude to decay into channel ¢ in

the left (right) lead. The quantity Vig) can be ex-
pressed as a scalar product of the resonance wave func-
tion ¥, = (Y1, Yok, .., Unk) and channel wave function

¢c = (¢lca ¢20; )
Yek = {(Pec|tr)

The partial-width amplitudes in a continuous basis can
be written as

Yek = \/ (P2 ke Pc/m)/cdl on i (5)
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where P, is the penetration factor to tunnel through the
barrier in channel ¢, P, = 1 in absence of the barrier and
P. < 1 in the presence of the barrier. The penetration
factor is a smooth function of the fermi energy (or gate
voltage), and fluctuations can only arise from the overlap
integral, that is, the spatial fluctuations of ¥ across the
dot-lead interface. The scalar product in Eq.(5) is defined
over the dot-lead interface and differs from the scalar
product in the Hilbert space of the dot.

When T<A, conductance is possible only by reso-
nant tunneling through a corresponding quantized level
in the dot. Resonant tunneling of the Nth electron oc-
curs when the total energy before and after the tunneling
is conserved. The resonance spacing between coulomb-
blockade peaks is given by

Ny = ANep = (EN+1 — EN) +€2/C

The charging energy is much larger than the mean level
spacing in the dot so that the coulomb-blockade peaks are
almost equidistant. The tunneling is suppressed between
resonances primarily by the charging energy.

V. CONDUCTANCE FLUCTUATIONS IN
ALMOST CLOSED QUANTUM DOTS

The objective of this paper is to derive an analytical
formulation of the mesoscopic conductance fluctuations
of almost closed quantum dots at low temperature. We
consider the dots of arbitrary shape, with or without dis-
order and electron-electron (e-e) interactions. Based on
the dot-shape, the electron dynamics in the absence of
disorder can be chaotic, integrable or non-integrable (in-
termediate between the two regimes) and the randomness
arises due to scattering from the boundaries. For chaotic
shape and/or weak disorder, the quantum dynamics is
delocalized and the energy levels and eigenfunctions of
the dot-Hamiltonian exhibit universal statistical fluctu-
ations that can be well-modeled by the Wigner-Dyson
random ensembles. However, at low temperatures and in
coulomb-blockade regime, the dot properties e.g. trans-
port display mesoscopic fluctuations as a function of the
system conditions e.g. gate voltage, shape, disorder etc.
The origin of these system-dependent fluctuations seems
linked to the dominance of particle-interactions at low
temperatures. The theoretical treatment in this regime
therefore requires a more generalized, that is, system-
dependent random matrix approach. A similar need
arises from the analysis of the dots of non-integrable
shape and/or strong disorder where inhomogeneous scat-
tering may lead to partial localized electron-waves. For
such dots, the Wigner-Dyson model is not expected to
be applicable even in absence of the e-e interactions.

For this analysis the quantum coulomb-blockade region
is considered, where the temperature is comparable to or
smaller than the mean level spacing in the dot. The e-
e interactions in this model are taken into account by
introducing the correlations among the matrix elements.

I model the dot-statistics by an ensemble of the spinless
interacting fermions:

H= ZVuaz a; + — Z Gwmal ol (6)
Ukl

here the states |i >= a; |0 > describe a fixed basis of
m single-particle states with V;; as the matrix elements
of the one body Hamiltonian and Ujji; as the antisym-
metrized matrix elements of the two body interaction U.

A specific ensemble of Hamiltonians, referred as ran-
dom interaction matrix model (RIMM)?%, was introduced
to study generic fluctuations in chaotic dots with inter-
actions. The RIMM considers both one body matrix el-
ements Vj; and the antisymmetrized two body matrix
elements UJ o = Uijit — Uijur (in 2-particle space) cho-
sen from ngner-Dyson ensembles and is therefore ap-
plicable only for the chaotic or weakly disordered dots
with homogeneous interactions. To model the cases with
mixed dynamics or non-homogeneous interactions inside
the dot, a generalization of RIMM is desirable. For this
purpose, I model H in Eq.(6) by an ensemble of Hermi-
tian matrices with multiparametric, correlated, Gaussian
distributed matrix elements.

A. System with time reversal symmetry

The joint probability Pyi of the components ,k,
n = 1 — N, of an eigenvector ¢ of the Hamiltonian
H (Eq.(6)) can be defined as follows,

Pni(Zig, Zog..., Y) = /fk p(H,Y)dH (7)

ZNk;
with fi = [Ty 6(Zmk — Ymn)0?~(Z5 — ¥5y) and
B = 1. Here Y is the complexity parameter. The Y-

govrened diffusion equation of the wave-function is given
by27

OPy1 2 o~ 9 Y. Ohy
v 4D2;6an <h1+m_1 )

with by = (N = 1)XZnkPn1, ha = X(6mn — ZnkZmk) PN1-
D is the local mean level spacing at a given energy and
is related to the average localization length of the eigen-
function Zj.

1. Partial-width amplitude distribution

The joint distribution of the partial-width amplitudes
v = (71, Y2, V3, - - - Yn) of a resonance k is given by

“ofTe-

Py dZ 9)
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where Ppyq is the joint distribution of the components
Zijk,j = 1 = N of an eigenfunction say Zj as a func-

tion of complexity parameter Y27, dZ = vazl dZk, C

Xj = Zl (bszlk is the
partial-width amplitude of resonance (scalar product of
the channel wavefunction ¢;; and the resonance wave-
function Zj;). With help of Eq.(8), the diffusion equation
for P, can now be obtained

OP.
3—; = Co(Lh+L+1I3) (10)

where Cy = 2xC/4D? and
N-1) / f Z azki NU gz
i

/f Z (ZnkZmiPn1)

0Z k0 Z i
with f = vazl 0(v; — X;) The next step is to rewrite the
integrals in Eqgs.(10) in terms of the y-derivatives. Using
partial integration, the term I; can further be reduced,

L = —(N-1) Z/aznk ZnkPrn1) dZ

is the normalization constant.

L= (

Iy = dz

=1

Now as Xp =3, 1, Zuk, this gives aaéipk = ¢}, which
further gives

of = Of 09X,
O0Znk - a’)/p 0Znk
_ _iﬁqﬁ
p=1 O

Substitution of the above equation in I gives

- (anz% /1 <Z¢:pznk> Pyy 42

N-—1) Za (v Py) (11)

Similarly a repeated use of the partial integration and

the relations ZQZZ” = 0 reduces I in Eq.(10):

- of 0Py
12 B ;/6an 6an 7

0 0 «
p s n

I

For system with time-reversal symmetry ¢y, = ¢np.
The orthogonality of the channel wavefunctions i.e
> o0 Prp®ns = Osp leads to further simplification:

0
— (0sp P,
%( g0

1« 0°P,
- = 12
C - oz (12)

Similarly I3 in Eq.(10) can be expressed as a 2nd order
derivative,

Iy = ZonZmiPy1) dZ
’ Z/aan: aka( r r Nl)

= s P 1
Czaya% Yo Vs Py) (13)

Substitution of Iy, I, I3 from Eqgs.(11, 12, 13) in Eq.(10)
leads to the diffusion equation of partial-width amplitude

P, B
— = (N -1 P.
oy = ) — o, Zayay T Vs )
o2P
+ Y (14)
zp: 92

As Y — oo, P, reaches a steady state which corre-
sponds to a Gaussian distribution

Py (y) = (detM)~P/2e= B/t pr=1y (15)

with M as the N x N channel correlation matrix: M., =
iyl = N7Y¢.|#.). The same result is obtained if one
consider the distribution Py given by the eigenfunctions
of a Wigner-Dyson ensemble®. This is expected because
the solution of Eq.(10) in limit ¥ — oo limit is indeed a
Wigner-Dyson ensemble.

2. Width distribution

Here we consider a symmetric dot I'¥ = I'". The reso-
nance width I" is a function of the partial width ampli-
tudes,

N
T=> 7 (16)
j=1

where 77 = 7;. The peak width-distribution can then be
given as

(12 ) dy(17)

=/5( va

As discussed in?®, the Wigner-Dyson limit of P, depends
on the channel correlation matrix M. For the case of un-
correlated and equivalent channels, M has all degenerate
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eigenvalues which results in a x2 distribution of P, (with
v = N as the degrees of freedom, 3 = 1 in this case)??:

Py(T) oc /27 exp [~ /2T

For the multiparametric Gaussian ensemble case, We

therefore proceed by a route different from the one used

in?® and derive the Y-based formulation of P;.
Differentiating Eq.(17) with respect to Y gives

aP,(I) P,
- Ty 1
oY "oy © (18)
where h = §(I' — >_,777;). We derive the Y governed
evolution of P, (T") as follows:
orP-(I') _ 2x
5y = 1pz (it 2t Js) (19)
where
0
no= W [0 |2 p)|
p 7P
O*P.
Jo = /h [Z 5 27
P
82
J3 = f/h — (s P dy
3 pzs 6'713675( p ,Y 'Y)

Using the partial integration and vanishing of P, at
the end-points, J; can be rewritten as

ho= -y [ [ 5 ep) @

Now as 86_'29 = - t]il g—}ﬁ i(ﬁ%) and
Zt a;?yp(%*%) Zt %(%&2) = 2 Zt Yt o~ 6% =
2 Zt %(Stp =2

J1 can further be reduced

Oh
Bo= 0 -DY [ S r) &
p Tp
0 .
= (VDY g [ bt () d
P t
0
= (N - 1)Zar/h (29) WPy dv
9 2
= 2N =1)x (D% Pr
P
0
= 2(N — )8F (T Pr) (20)

The second order derivative in Jy can be removed
by repeated partial integrations. Using the rela-

; 2
tion >, 36—73(%2) Do %(Q’yt(Stp) = 23,0y and

Zw 63 ( ) 22 ,Yanw = 221117'“’5"1’17 = 2/717 ? lt
can further be reduced

_Z/@ai

J-
2 0vp O0p

82
= W/h (271)) (27P)PV dy
P

9
_ gzp:ﬁ/h zt:étppw dy

2
O (1 py—on2E (21)

= 45m or

or?

Following similar steps as above, J3 can also be reduced
as a function of T,

Z/ oh 8
8%
0
= *42 W (V2 v2Pr) +2) ar Ops W 75 Fr)
ps ps

2

d )
= —dors (I'* Pr) + 255 (T Pr) (22)

J3 vpvsP) dy

Sustituting Ji, Ja, J3 from Eqgs.(20, 21, 22) in Eq.(19),
we get the width-distribution

or.(I') 0 0
Era BO(’)_I‘ (frD)Pr+ 2%(f2(F))PF (23)
where By = £z, D is the local mean level spacing at

a given energy, Y is related to localization length of the
eigenvector, f1(I') = N(I' — 1), fo(T") = (1 —= ).

Eq.(23) can now be used to derive the single-
parametric formulation of the conductance peak-height
distribution.

3. Peak-height distribution

In a almost-closed dot, the conductance at resonance
2
e“nl’

is g = 77 = ¢ I The conductance peak height is
measured in units of hz 47,;1; The joint-distribution of

peak-height can be computed from the width distribution
P(T).

Ble) = [ 8o~ er) Py ar (24)

This implies

an(!])
oY

= /5(g —cI) 62775(/1—‘) dr (25)

Substituing Eq.(23) in eq.(25), the Y-evolution of P,
can be obtained
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0Py(g)

= BygN
oY 0/

+ QBO/u W(l ~D)T P, dl'  (26)

) P dl’

with u = §(g — ).

Proceeding as in the case of P, distribution, the inte-
grals in the above equation can be evaluated. This leads
to following Y governed evolution of P,

51;9;9) _ B, a%(fl( )P, +2 (f2( )P, (27)
where f1(g) = N(g — ¢), fa(9) = (c — g)g.c = & 2=

B. System with no time reversal symmetry

The joint probability distribution Ppq for the wave-
function components in this case can be defined by Eq.(7)
with f = 2. The evolution equation for Y-governed dif-
fusion of Pyq is?”

N

8PN1 B Ohs
- D2 Z 0Z ( — 6Z:;1k:> (28)
with by = (N* I)Xan:PNla ho = X((smn — anZ:;lk)PNl-

D is the local mean level spacing at a given energy and
is related to the average localization length of the eigen-
function Zj.

1. Partial-width amplitude distribution

The joint distribution of the partial-width amplitudes
v = (71, Y2, V3, - - - 7n) of a resonance k is given by

P, = C/H62

where Py is the joint distribution of the components
Zijk,j = 1 = N of an eigenfunction say Zj as a func-
tion of complexity parameter Y27, dZ = vazl AR
X; =3 b1 Zuk s
the partial-width amplitude of resonance (scalar product
of channel wavefunction ¢; and resonance wavefunction
Zy,). With help of Eq.(28), the diffusion equation for P,
can now be obtained:

) Py1dZ (29)

C' is the normalization constant.

or,

v - Co(Iy + I + I3)

where Cy = 2yC'/4D? and

L = (N—1) /f Z @nZkiNl
N
B 0° Pn1
L2 = /fzazkaz*
B (Znk 2} Pri)
I = /f Z azkaz* dz

=1

with f =TT}, 62(v; — X;).

The next step is to rewrite the integrals in Eqs.(30) in
terms of the -derivatives. Using partial integration, the
term I; can further be reduced,

L = —-(N-1) Znk P, dz
1 D3 [ 50 Zurw)
Now as X, = ), gbllek and Xy = >, ¢1gZ}),, this gives
g ; - = ¢, = 0 which further gives
of Z of 0X, Z of 0X;
6an N 6’71) Gan — a’yq Gan

- Zavp

Substitution of the above equation in I gives

1)2?%/]’ Gy (ZniPr1) dZ

Nfl)Z%/f <Z¢;;pznk> Py dZ
N—1) Za

Similarly a repeated use of the partial integration and

62‘227;‘“ = 0 reduces I in Eq.(30)

L = (N

(v Py) (31)

the relations

of 9Py

;/aznk aZ%,
a*/f<z¢mj (b:zp) PNl dz

0
- ;5_%;57

The orthogonality of the channel wavefunctions i.e
> P mp = Oup leads to further simplification:

026713;6'7

I, =

I, = (5va )

- c Z 3%37 (32)
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Similarly I3 in Eq.(30) can be expressed as a 2nd order
derivative,

'Yp Vs Pv) (33)

Substitution of Il, I, I3 from Eqgs.(31, 32, 33) in Eq.(30)
leads to the diffusion equation of partial-width amplitude

CopP, 0
ooy (1\’*1);67 (vp Py) 26767
82
— Yp Vs P. 34

In this case, the limit Y — oo again leads to steady state.
The steady state distribution is given by Eq.(15) however
for g = 2.

2. Waidth distribution

Here we consider a symmetric dot I'' = I'". The res-
onace width I' is a function of the partial width ampli-
tudes,

N
L=> v (35)
j=1

The peak width-distribution can then be given as

= /5(F =2 %%) Pr(n

The x2 distribution for system without time-reversal

symmetry case of Pr(T') (with v = SN as the degrees

of freedom, = 2 for this case) is given by Eq.(18).
Differentiating Eq.(36) with respect to Y gives

y V2 - -'YN) d7(36)

oP.(T) P,
Eauge / hody (37)
where i = 6(I' = >, v;7;). Eq.(34) can then be used to

derive the Y governed evolution of P, (") as follows:

OP,(T) X
where
0
Bo= ey 1Y g Gep)|
p

0%P.

Jo = /h e

’ [zp: p0;
82

—[|h § — * Pyl d

/ 2 92,0 (vp s Py)| dy

J3

Using the partial integration and vanishing of P, at the
end-points, J; can be rewritten as

Ji = (Nl)Z/g_Z)('YpP'v) dy

N 9h
Now as W =—-> I 87 (Vi) and 3

2o (Vo) =

J1 can further be reduced

B) o, .
NN gr [hg-Gin 0pPy)
P t
9 .
N—l)za—r/h% T Py dy
p

9 .
(N — 1)8F/h (va %) Py dy
P
0
1o
The second order derivative in Jy can be removed
by repeated partial integrations Using the relation

Zp > ﬁ (Viw) = Z Zt v (Vi 6tp) = Zpt Otp, it

can further be reduced
B Z / oh 0P,
Vp 8'yp
0
8F2 271)71’ T Z Opt Ir
pt
9?2 oOPr

= om0 Pr) = N (40)

Following similar steps as above, J3 can also be reduced
as a function of T,

oh 0
P.
z/% 5z (0% P2) dy

-3 W / h s s Py dy
ps

o (Vin) =

Ji

= (N— I Pr) (39)

Jo

J3

0 .
+ Za—r/h5p5'yp’ys P, dy
0% 0
= *W(F Pr) + 50 & Fr) (41)

Sustituting Ji, Ja, J3 from Eqs.(39, 40, 41) in Eq.(38),
we get the width-distribution

P, (I

D~ 5 2 e+ Znm)e] @)
aY

where B; = 4D2, D is the local mean level spacing at

a given energy, Y is related to localization length of the
eigenvector, f1(I') = N(I' — 1), fo(T) = (1 - T)T
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Eq.(42) can now be used to derive the single-
parametric formulation of the conductance peak-height
distribution.

3. Peak-height distribution

In a almost-closed dot, the conductance at resonance

is g = Zzz; = ¢ I The conductance peak height is
measured in units of %% The joint-distribution of

peak-height can be computed from the width distribution
P(T).

Pg) = [ (g eD) (D) ar (43)
This implies
az;_c,y(g) - /5(9— oI ‘?;;T dr (44)

Substituing eq.(42) in eq.(44), the Y-evolution of P,
can be obtained

an(g)

0

+ Bl/u aa_; [(1—T)C Pp) dT'  (45)

with u = §(g — ¢I'). Proceeding as in the case of Pr
distribution, the integrals in the above equation can be

evaluated. This leads to following Y governed evolution
of P,

2

b (9) _ B, aﬁg(fl(g))Pg + aa—f(fz(g))Pg

oYy

(46)

2

where f1(g) = N(g —c¢), f2(9) = (c—g9)g,¢c = S 577

VI. CONCLUSION

The complexity parameter formulation of the eigenval-
ues or eigenfunctions statistics suggests that the sample
to sample fluctuations of conductance is not sensitive to
the origin of the interactions, random or non-random.
It is influenced only by the degree of uncertainty asso-
ciated with the formulation. The system dependence in
P,(g) enters only through Y and the system size N. This
suggests the possibility of various universality classes of
conductance fluctuations defined by the complexity pa-
rameter. Quantum dots have become a powerful tool
for investigating the physical properties of small coher-
ent quantum systems. The ability to control their shape,
size and the number of electrons has made them prac-
tically useful for experimental studies. The formulation
can further be used to analyze the critical behavior of
nanosystems. The study of quantum dots are considered
to have a wide field of application in quantum informa-
tion technology e.g. Quantum Computer.
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