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Another New Family of Gold-Like Sequences
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In this correspondence, for a positive odd integer n, a new family U of binary sequences with

n+1 |

2™ 4+ 1 sequences of length 2" — 1 taking three valued nontrivial correlations —1 and —1 +272 s
presented. This family U is consturcted using the families introduced by Boztas and Kumar[4] ,
Kim and No [7]. This family has the same correlation distribution as that of the well-known Gold
sequences. So this family can be considered as another new class of Gold-like sequences.

Keywords:
functions,
quence.

Binary sequences, Quadratic Boolean
Correlation, Gold sequence, Gold-like se-

I. INTRODUCTION

Families of binary sequences with low correlation have
important applications in code-division multiple access
(CDMA), communication systems and cryptographic
system([1],[2],[3]). Sidelnikov’s bound([9]) is used to test
the optimality of sequence families, which states that for
any family of k£ binary sequences of period N, if £ > N,
then

Rppaz > (2N —2)%,

where R4, is the maximum magnitude of correlation
values except for the in-phase autocorrelation value. The
Gold’s family ([5]) is the best known binary sequence
family which satisfies Sidelnikov’s bound. It has correla-

tions 2" —1, —1, —1j:2%7 where n is odd. But the linear
span of Gold sequences is too small to resist attacks
based on Berlekamp-Massey algorithm. So the Gold-like
families with larger linear span were constructed. The
odd case of Gold-like sequence family was discovered by
Boztas and Kumar[4], whose correlations are identical
to those of Gold sequences. For even n, Udaya[ll]
introduced families of binary sequences with correlations
2" —1,—-1,—1 4+ 2%, —1 + 23%! which corresponds to
even case of Gold-like sequence family. Later Kim
and No [7] further generalized the Gold-like sequences
to GKW-like sequences by using the quadratic form
technique and constructed families with correlations
o —1,—1,-142" and 2" —1, -1, —14+2%, —1+£25+¢
respectively, where n and e are positive integers, e|n.

In this correspondence, we introduce a generalized
family of Gold-like sequences by combining the families
introduced in [4] and [7]. This new family of optimal
binary sequences with 2™ + 1 sequences of length 2" — 1
has correlation distribution identical to that of Gold

*e-mail : sankhadip.roy@uem.edu.in

American Journal of Physical Sciences and Applications
US:ISSN 2644-0792
website:http://thesmartsociety.org/ajpsa/

sequence for odd n. So this family can be considered as
a new generalized class of Gold-like sequences.

The remainder of the correspondence is organized as
follows. In Section 2, we present the necessary prelimi-
naries required for the subsequent sections and also dis-
cuss some known families of binary sequences with good
correlations. In Section 3, we introduce the new fam-
ily of binary sequences and our main result. In Section
4 | we investigate the dimensions of the radicals of two
quadratic forms. Finally in Section 5, we give the proof
of our main result.

II. PRELIMINARIES

Let Fy» be the finite field with 2" elements. Then the
trace function from For to Fom is defined by

n_q
try (z) = Z 22"
i=0

where 2 € Fan and m|n. The trace function has the fol-
lowing properties:

(i) try (ax + by) = atr] (x) + btry, (), for all a,b €
F2M>337y € F2";

(ii) tr™ (22") = tr? (z), for all x € Fyn.

Let f(z) be a function from Fan to Fy and A € Fyn. The
trace transform F(\) of f(x) is defined by

F(}\) _ Z (71)f(x)+trf’(z)\)'

xEFon

Definition 1. Let © = > | z;c;, where x; € Fy and
;i = 1,2,....,n, is a basis for Fon over Fo. Then the
function f(x) over Fon to Fy is a quadratic form if it can
be expressed as

f@)=FOQ_miow) =D > bijmixy,
i=1

i=1 j=1

where b; ; € Fan.
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The quadratic form has been well analized in [8]. We
also recall that the symplectic bilinear form of a quadratic

form f(x) is

B(z,z) = f(x)+ f(2) + f(x + 2) for z,z € Fan.
Finding the dimension of the radical of a quadratic form
is very crucial for our result. The radical of the quadratic
form f(z) is the number of sloutions of x € Fan to

B(z,z) = f(x)+ f(2) + f(x +2) =0 for all z € Fan.
The following lemma establishes the relation between the
trace transform and the dimension of the radical of a
quadratic form.

Lemma 1. ( Helleseth and Kumar [6]) Let f(x) be a
quadratic Boolean function on Fon. If the rank of f(x)
is 2h, 2 < 2h < n, then the distribution of the trace
transform values is given by

on—h 22h=1 4 2h=1times
F(\) =<0, 2" — 22 times
—on=h  92h=1 _ oh=lyimes

where rank is the co-dimension of the radical of f(x).

All the sequence families considered in this paper are
constructed by using the trace function a(x) = tr}(z)
and some quadratic form b(x) as follows:

C={fi(x)0<i<2",zelF5}

where
a(vix) +b(x), 0<1<2" -1
- ez 023
a(z 1=2
and {vg, V1, ...... ,Uon_1} is an enumeration of the

elements in Fan.

The correlation function between two sequences defined
by fi(x) and f;(x) can be given by the function from Fan
to the set of integers Z as

Rij(0) =2 peps, (=

an

1)f:(@)+1;(52)

where ¢ € 5, =Fan \ {0}. R; ;(J) can be expressed as a
trace transform

R ;(0) = Z (—1)tr1 (itvsla)tg(@)
v€F;,
= 1+ Z (—1)tri (@D +a(@)
z€Fyn
= —1+G(\)
where g(z) = b(0z) + b(z) and A = v; +v; € Fon.
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Definition 2. Let 2 = m be odd. We define the boolean
quadratic functions p(x) and q(x) by

plx) = YA (@), o) = 2t

Lemma 2. ([4]) The associated symplectic form of p(x)
18

el
ri (@ ).

B(z,2z) = p(z) +p(2) +p(x+ 2)
= tri[z(tr] (z) + z)]. (1)

Definition 3. ( Boztas and Kumar [4]) For an odd in-
teger n = 2k +1 > 3, Boztas and Kumar introduced the
following family G of Gold-like sequences

0<i<2" -1
1=2".

%@ﬂ:{wm 7) + (),

tTl( )a

Theorem 1. ( Boztas and Kumar [4]) For the family G
, the distribution of correlation values is given as follows:

2" —1, 2™ + 1 times
1, 93n=1 4 920 _ 91 _ 9 fimes
Ri;(0) = —1 4 2kFL 92n=2(92k—1 4 ok—1) times

_1— 2k+1’ 22n—2(22k—1

—2k=1) times.

Lemma 3. ([7]) The associated symplectic form of q(z)
18

B(z,z) = q(z)+q(2) + q(z + 2)
= tri[z(trl (z) + o)) (2)

Definition 4. ( Kim and No [7]) Let & = m be an odd
integer, where m > 3. Kim and No introduced the fol-
lowing sequences S which generalized the previous family

x) +q(z), 0<i
trl( )7 J

si(x) = {trl(

Theorem 2. (Kim and No [7]) For the family S , the
distribution of correlation values is given as follows:

2" —1, 2" 4+ 1 times
Rl— (5) _ —1, . (2" — 2"—5) j_ ! )2(22n ) times
7 —14272, (2" 4272 )(227 — 2) times
—1 -2, (nmeml 2" (220 — 9)
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III. MAIN RESULT

In this paper we construct a family based on two
quadratic forms p(Az) and ¢((z) as follows.

Definition 5. Let % =m > 3 be odd. We define the
family W of binary sequences by

0<i<2" -1
1 =2".

we(a) = {tr?(vm +p(Ae) + q(Ca),

|t @),
where e is also odd, A\, ¢ € Fae and A # 0, A # (.

For the correlation property of the family U, we have
the following main result.

Theorem 3. The family U has the following properties:

1. The mazximal absolute value of the nontrivial corre-

lation Of famlly U is bounded by Ropaz <1+ 2%
and so the family is optimal with respect to Sidel-
nikov bound.

2. The correlation distribution is as follows:

2™ 4+ 1 times

23n—1 L 920 _ 9" _ 9 times
—1427, (220 —2)(2772 4 2757 ) times
—1— 2", (220 — 2)(272 — 275 )times.

IV. TWO QUADRATIC FORMS AND THEIR
RANKS

A. Quadratic form p(Az) + q(Cx)

From (1) and (2), the symplectic form of p(Ax) + ¢(¢x)
is
B(x,z) = tr[z(Atri(Az) + Ctr(Cx) + N2z + (2x)).
Now for computing the rank of p(Az) + ¢(¢x), it suffices
to find the number of solutions to

Mt (A\z) + Ctr (Cx) + N + o = 0.
Let tr(z) = a. Then using the facts that ¢ € Fae and
tri(z) = tri(trl(z)), we get
. Atr§(Aa) + CPa
oA+
which implies © € Fye. Plugging into tr7(z) = a, we get
- Atr§(Aa) + CPa
oA+

which simplifies to ¢r{(Aa) = Aa. So aX = 0 orl which
gives @ = 0 or 1, only two solutions. That is, the rank
of the quadratic form p(Az) 4+ ¢(Cx) is 2h =n — 1.
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B. Quadratic form p(Ax) + ¢({z) + p(dAz) + q(d¢x)

Let § # 1 € Fy» be a constant. From (1) and (2) , the
associated symplectic form is

B(z,z) = tri[z(0AtrT (dAx) + Mtrl(Ax) + ¢otrl ((ox)
+ Ctr(Cx) + (A2 + ¢ (1 +6%H)a)).
So we need to count the solutions to
IAtrT (SAzx) + Atri(Ax) + (otrl ((ox) + (trl (Cx)

+ (A2 +¢?)(1+6%)z = 0. Let tr?(x) = a and tr”(6x) = b.
Then

. CPa+ Mré(Xa) + 5(C%b + Atr§(Ab))

3

(A + ) (1 +42) (3)

Let X = k(). So i(cd) — izl +
2

tr7 () = X+X2 and 7 (1255) = tr7(157) = X241,

Plugging (3) into tr?(z) = a and tr?(dz) = b, and using
the fact mentioned above, we have

(CPa+ Mr¢(Aa) + b+ Mri(Ab) X2 +
(C%b + Xr$(AD) X = a(C® + \?), (4)

(CPa+ Mr§(Xa) + C2b+ Mri(Ab)) X2 +
(C%a + Mr$(Na)) X = A2b + Mtr§ (D). (5)

There are three cases.

1. If X =0, then from (4) and (5), we have a = 0 and
tr$(Ab) = Ab which gives \b = 0 or 1. So we have only
two solutions (a,b) = (0,0), (0, %)

2. If X = 1, then again we have two solutions (a,b) =
(0,0), (0, ).

3. If X =c €y \ {0,1}, then from (4) and (5), we get

a(C? 4+ A%) 4+ A2b + Mt (b)

c
(6)

Replacing (?a + Atr§(Xa) + ¢?b+ Atr§(Ab) in (4) and (5)

with the right hand side of (6) and simplifying, we get

CCat+trs(Aa)+Cb+Atri(\b) =

c(a+b) =a,

c((a 4 b)A% 4+ MrE(Ab) 4+ MrS(Aa)) = A2b + Mtr§(\b).

So we have four possibilities:
3.1 ¢r¢(Aa) = 0 and tr§{(Ab) = 0. Then

cla+b) =
cla+d) =0

Soa=b=0.
3.2 tr¢(Aa) = 1 and tr§{(Ab) = 1. Then

cla+d) = a
cla+b)A = Ab+1
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and we have a = {,b = e+l which lead to a contradiction
as tr¢(aX) = tr(c) and tr§(bA) = tr{(c + 1).
3.3 tr¢(Aa) = 1 and tr{(Ab) = 0. Then

cla+b) = a
c(la+d)A+1) = b
and we have a = %J) = CZ;\"C. This is a solution if
tré(c) = 1.

3.4 tr§(Aa) = 0 and tr{(Ab) = 1. Then

cla+d) = a
c(la+bd)A+1) = X+1

c2+1

= This is a solution if

and we have a = %,b =
tr(c) = 0.

Thus, for X = ¢ € Fae \ {0,1}, the associated symplectic
form B(z,z) has

2

,0) and (a,b) = (&, &5<)

1. two solutions (a,b) = (0
when tr¢(c) =1,

2. two solutions (a,b) = (0,0)
(%, —CZ/{H) when #r¢(c) = 0.

So the rank of p(Ax) 4+ ¢(Cx) + p(6Ax) + q(6¢x) is 2h =
n— 1.

and (a,b) =

V. PROOF OF THEOREM 3

The proof can be divided into the following five cases.
Case 1: 6 =1,i=7:
It is a trivial case and thus
Ri;j(0) =Y cps (—D)fi@+fil@) = 2n 1 27 4 1 times.

2n
Case 2: § #1,i=7j=2":
Ri,j((s) = er]F* (71)tr1”(w)+tr?(5x) _

on

Zwe]F;n (—1)tri([+0l2) — 1 27 — 2 times (number of
choices for § # 0, 1).

Case 3: 6=1,i#5,0<4,7<2"—1:

Z (_1)%‘(1’)4‘“1(%)

l’E]F;n

= 3~y

z€F3,

= —]_7

R; ;(0) =

2™(2"™ — 1) times

Case 4: i =2",j # 2" (or j =2",4 # 2™):
For fixed ¢

Ran j(6) = cr (—1)tri (Otvsle)+p(Ae)+a(Cz) _q
> x€Fon

From section 4, we know that the rank of the quadratic
form p(Az) + ¢({z) is n — 1. So from Lemma 1, the dis-
tribution of correlations for fixed ¢ € F3, is

—1, 27 — 27~ times
n41 n—2 n-3 .
—1+27=, 2 + 272 times

—1-2", 272 2”5 times.

Ron j(0) =

As § varies over F3,., the distribution becomes

~1, (2 — 27=1)(2" — 1) times
n+1 n—3

—1+27=2, (2»2+4+272)(2" — 1) times
—1-2", (272 -2"2")(2" — 1) times.

Ron ;(0) =

Case 5: § € Fon \ {0,1} and 0 < 4,5 <2" —1:
In this case, we have

R; ;(0) =
S (— 1)t (50 l) FpO@) FaCo) (oA +a56e) _ 1

From section 5, we know the rank of the quadratic form
p(Az) + q(Cx) + p(dAx) + q(d¢x) is n — 1. So correlation
distributions can be computed from Lemma 1 as

-1, (2 —2n=1)27(2" — 2) times
R;i;(6) =q -1+ 271;17 (2n 2+ 2%:2”(2" — 2) times
—1—-2", (272 —2"7)27(2" — 2) times.

Combining the results of the above five cases, the dis-
tribution of the correlation values for the sequence family
U can be obtained.
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